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Abstract
We consider Yang-Mills theory with N = 2 super translation group in ten auxiliary dimensions
as the structure group. The gauge theory is defined on a direct product manifold Σ2×H2, where
Σ2 is a two-dimensional Lorentzian manifold and H
2 is the open disc in R2 with the boundary
S1 = ∂H2. We show that in the adiabatic limit, when the metric on H2 is scaled down,
the Yang-Mills action supplemented by a Wess-Zumino-type term becomes the Green-Schwarz
superstring action.
1. Introduction. Superstring theory has a long history [1]-[3] and pretends on description
of all four forces in Nature. On the other hand, Yang-Mills theory (plus matter fields) in four
dimensions describes three main forces except the gravitational force. The aim of this short paper
is to show that the Green-Schwarz superstring theory (of type I, IIA and IIB) [4] can be obtained
as a subsector of pure Yang-Mills theory with a Lie supergroup G as the structure group. In fact,
we introduce a Yang-Mills model on a direct product manifold Σ × Σ˜ which in the low-energy
limit flows to the Green-Schwarz superstring model on Σ, with N=2 super translation group G in
d=10 as a target space. Here Σ and Σ˜ are two-dimensional Lorentzian and Riemannian manifolds,
respectively. Our construction is based on the results of papers [5]-[8], where it was shown that
N=4 super-Yang-Mills theory on Σ × Σ˜ flows to a sigma-model on Σ while Σ˜ shrinks to a point.
The target space of the above sigma-model is the space of vacua that arise in the compactification
on Σ˜. For pure Yang-Mills theory on Σ× Σ˜ this is the moduli space of flat connections on Σ˜ [5]-[8].
In our paper we reverse the logic of [5]-[8] and associate a Yang-Mills model on Σ× Σ˜ to the known
superstring model on Σ. We consider the simplest case of the super translation group G as the
structure group but other supergroups can be considered as well, e.g. the group G =PSU(2, 2|4)
related with the coset space AdS5 × S
5.
2. Lie supergroup G. We consider Yang-Mills theory on a direct product manifold M4 =
Σ2 × H
2, where Σ2 is a two-dimensional Lorentzian manifold (flat case is included) with local
coordinates xa, a, b, ... = 1, 2, and a metric tensor gΣ2 = (gab), H
2 is the open disc with coordinates
xi, i, j, ... = 3, 4 and the metric tensor g
H2
= (gij). Then (x
µ) = (xa, xi) are local coordinates on
M4 with metric tensor (gµν) = (gab, gij), µ, ν = 1, ..., 4.
As the structure group of Yang-Mills theory, we consider the coset G=SUSY(N=2)/SO(9, 1) (cf.
[16]) which is the subgroup of N= 2 super Poincare group in ten auxiliary dimensions generated
by translations and N=2 supersymmetry transformations. Its generators (ξα, ξAp) obey the Lie
superalgebra g =LieG,
{ξAp, ξBq} = (γ
αC)ABδpqξα , [ξα, ξAp] = 0 , [ξα, ξβ] = 0 , (1)
where γα are the γ-matrices, C is the charge conjugation matrix, α = 0, ..., 9, A = 1, ..., 32 and
p, q = 1, 2 label the number of supersymmetries. Coordinates on G are Xα and two spinors θAp
of the Majorana-Weyl type. On the superalgebra g =LieG we introduce the metric 〈·〉 with
components
〈ξα ξβ〉 = ηαβ , 〈ξα ξAp〉 = 0 and 〈ξAp ξBq〉 = 0 , (2)
where (ηαβ) =diag(−1, 1, ..., 1) is the Lorentzian metric on R
9,1 and the last equality in (2) is
standard in superstring theory.
3. Yang-Mills action. We consider the gauge potential A = Aµdx
µ with values in g and the
g-valued gauge field
F = 12Fµνdx
µ ∧ dxν with Fµν = ∂µAν − ∂νAµ + [Aµ,Aν ] , (3)
where [ , ] is the commutator or anti-commutator for two ξAp-generators. On M
4 = Σ2 ×H
2 we
have the obvious splitting
ds2 = gµνdx
µdxν = gabdx
adxb + gijdx
idxj , (4)
1
A = Aµdx
µ = Aadx
a +Aidx
i , (5)
F = 12Fµνdx
µ ∧ dxν = 12Fabdx
a ∧ dxb + Faidx
a ∧ dxi + 12Fijdx
i ∧ dxj . (6)
By using the adiabatic approach in the form presented in [9, 10], we deform the metric (4) and
introduce
ds2ε = g
ε
µν dx
µdxν = gabdx
adxb + ε2gijdx
idxj , (7)
where ε ∈ [0, 1] is a real parameter. Then det(gεµν) = ε
4 det(gab) det(gij) and
Fabε = g
ac
ε g
bd
ε Fcd = F
ab , Faiε = g
ac
ε g
ij
ε Fcj = ε
−2Fai and F ijε = g
ik
ε g
jl
ε Fkl = ε
−4F ij , (8)
where indices in Fµν are raised by the non-deformed metric tensor gµν . It is assumed that Fµν
smoothly depend on ε with well-defined limit for ε→ 0.
For the deformed metric (7) the Yang-Mills action functional is
Sε =
1
2π
∫
M4
d4x
√
|det gΣ2 |
√
det gH2
{
ε2〈Fab F
ab〉+ 2〈Fai F
ai〉+ ε−2〈Fij F
ij〉
}
, (9)
where π is the “area” of the disc H2 of radius R = 1.
Remark. On the disc H2 of radius R = 1 one can consider both the flat metric gij = δij (then
Vol(H2) = π) and the metric
gij =
4
(1− r2)2
δij with r
2 = δijx
ixj . (10)
However, we will see later that in all integrals over H2 the metric gij enters in the combination√
det gH2 g
ijξiξj = δ
ijξiξj = 1, where (ξi) = (sinϕ,− cosϕ) is the unit vector on S
1 = ∂H2. Hence
all calculations for the metric (10) are equivalent to the calculations for gij = δij . That is why we
will consider the flat metric on H2 as in many mathematical papers considering Yang-Mills theory
on the balls Bn with n ≥ 2.
4. Adiabatic limit. The term ε−2〈Fij F
ij〉 in the Yang-Mills action (9) diverges when ε→ 0. To
avoid this we impose the flatness condition
Fij = 0 (11)
on the components of the field tensor along H2 for ε = 0. However, for ε > 0 the condition (11) is
not needed and one can consider Fij(ε > 0) 6= 0, only Fij(ε = 0) = 0.
In the adiabatic limit ε→ 0, the Yang-Mills action (9) becomes
S0 =
1
π
∫
M4
d4x
√
|det gΣ2 | 〈Fai F
ai〉 (12)
with the equations of motion
DiF
ib :=
1√
|det gΣ2 |
∂i
(√
|det gΣ2 | δ
ijgabFaj
)
+ [Ai,F
ib] = 0 , (13)
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DaF
aj :=
1√
|det gΣ2 |
∂a
(√
|det gΣ2 | δ
ijgabFib
)
+ [Aa,F
aj ] = 0 . (14)
Note that the metric gΣ2 on Σ2 is not fixed and the Euler-Lagrange equations for gΣ2 yield the
constraint equations
T 0ab = δ
ij〈Fai Fbj〉 −
1
2gab〈FciF
ci〉 = 0 (15)
for the Yang-Mills energy-momentum tensor T εµν with T
0
ab = limε→0 T
ε
ab. For the form of Yang-
Mills equations and the constraint equations T εab = 0 for ε > 0 see [11]. In general, for ε ∈ [0, 1] we
assume that fields Aµ and Fµν smoothly depend on ε and can be expanded in power series in ε, e.g.
Aµ = A
0
µ+ ε
2A1µ+ ε
4A2µ+ ... . Note that F
µν(ε) should not be confused with Fµνε = g
µσ
ε gνλε Fµν(ε)
in (8). We omit ε from Fµν(ε) for simplicity of notation. In (12)-(15) we have zero terms in ε and
omit index “0” from the fields. In fact, in (11) we have F0ij = ∂iA
0
j − ∂jA
0
i + [A
0
i ,A
0
j ] but F
1
ij , F
2
ij
etc. must not be zero.
5. Flat connections. Consider first the adiabatic flatness equation (11). Flat connection
AH2 :=Aidx
i=Ai(ε=0)dx
i on H2 has the form
AH2 = g
−1dˆg with dˆ = dxi∂i for ∂i =
∂
∂xi
, (16)
where g is a smooth map from H2 into the gauge supergroup G for any fixed xa ∈ Σ2. We impose
on g in (16) the framing condition g(x3 = 1, x4 = 0) = Id (since constant g in (16) gives AH2 ≡ 0)
and denote by C∞0 (H
2, G) the space of framed flat connections on H2 given by (16). On H2, as
on a manifold with boundary, the (super)group of gauge transformations is defined as (see e.g.
[12, 10, 13])
GH2 =
{
g : H2 → G | g
|∂H2 = Id
}
. (17)
Hence the solution space of the equation (11) is the infinite-dimensional space C∞0 (H
2, G) and the
moduli space is the based loop (super)group (cf. [10, 12])
M = C∞0 (H
2, G)/GH2 = ΩG . (18)
This space can also be represented as ΩG = LG/G, where LG = C∞(S1, G) is the loop supergroup
with the circle S1 = ∂H2.
6. Moduli space. On the moduli space M = ΩG we introduce coordinates (Xα(n), θ
Ap
(n)) and
(Y α(n), χ
Ap
(n)
), where α,A, p run as before and n ∈ N appears from expanding coordinates in sin(nϕ)
and cos(nϕ) for ϕ ∈ S1 = ∂H2. We restrict ourselves to the subspace G ⊂ ΩG by putting
(Xα(1), θ
Ap
(1)) = (X
α, θAp) and (Y α(1), χ
Ap
(1)) = −(X
α, θAp) (19)
and assuming that all coordinates with n 6= 1 have zero values. Thus, our moduli space is G ⊂ ΩG.
In the adiabatic approach it is assumed that Aµ = Aµ(x
a, xi,Xα, θAp) depend on xa ∈ Σ2 only via
moduli parameters [14, 15], i.e. Aµ = Aµ(Xα(xa), θAp(xa), xi). Then moduli of gauge fields define
the map
(X, θ) : Σ2 → G with (X(x
a), θ(xa)) =
{
Xα(xa), θAp(xa)
}
, (20)
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where G is now our moduli space . Acting by gauge transformations from (17) on flat connections
Ai in (16) which depend only on moduli (X, θ) from (19), we obtain the subspace N in the full
solution space C∞0 (H
2, G). The moduli space of these solutions is
G = N/G , (21)
where G = G
H2
for any fixed xa ∈ Σ2.
The maps (20) are constrained by the equations (13)-(15). Since A
H2
is a flat connection for
any xa ∈ Σ2, the derivatives ∂aAi have to satisfy the linearized (around AH2) flatness condition,
i.e. ∂aAi belong to the tangent space TAN of the space N . Using the projection π : N → G with
fibres G, one can decompose ∂aAi into the two parts
TAN = π
∗TAG⊕ TAG ⇔ ∂aAi = Π
α
aξαi + (∂aθ
Ap)ξApi +Diǫa , (22)
where
Παa := ∂aX
α − iδpq θ¯
pγαθq , (23)
ǫa are g-valued gauge parameters (Diǫa ∈ TAG) and {ξα = ξαidx
i, ξAp = ξApidx
i} can be identified
with g =LieG. We will see in a moment that (ξαi, ξApi) = (ξα, ξAp)ξi with (ξi) = (sinϕ,− cosϕ)
mentioned in the Remark on p.1.
The gauge parameters ǫa are determined by the gauge fixing conditions
δijDiξ∆j = 0 ⇒ δ
ijDiDjǫa = δ
ijDi∂aAj , (24)
where the index ∆ means α or Ap. It is easy to see that
δijDiξαj = δ
ij∂iξαj = 0 ⇒ ξαi = ξαξi with (ξi) = (sinϕ,− cosϕ) (25)
and similarly ξApi = ξApξi. Another form of ξi is ξi = εij∂jr with r
2 = δijx
ixj. It is easy to see
that δijξiξj = 1.
7. Effective action. Recall that Ai are given by (16) and Aa are yet free. In the adiabatic
approach one choose Aa = ǫa [14, 15] and ǫa are defined from (24). Then we obtain
Fai = ∂aAi −DiAa = [Π
β
aξβ + (∂aθ
Ap)ξAp]ξi ∈ TAG . (26)
Substituting (26) into (13), we see that (13) is resolved due to (24). Substituting (26) in (14), we
will get the equations of motion for Xα(xa), θAp(xa) which follow from the action (12) which after
inserting (26) into (12) and integrating over H2 becomes
S0 =
∫
Σ2
dx1dx2
√
|det gΣ2 | g
abΠαa Π
β
b ηαβ . (27)
This is the kinetic part of the Green-Schwarz superstring action. Note that
ηαβ =
1
π
∫
H2
dx3dx4 〈ξα ξβ〉δ
ijξiξj . (28)
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As we mentioned in the item 3, this result does not depend on which metric (gij = δij or gij from
(10)) we choose on the disc H2. Substituting (26) into the constraint equations (15) and integrating
them over H2, we obtain the equations
ηαβ Π
α
a Π
β
b −
1
2 gab g
cd ηαβ Π
α
c Π
β
d = 0 , (29)
which can also be derived from (27) by variation of the metric gab → δgab. Obviously, for θp = 0
one gets the bosonic string action.
8. Wess-Zumino-type term. The action (27) is not yet the full Green-Schwarz action which
contains additional Wess-Zumino-type term [4]. This term is described as follows. One considers a
Lorentzian 3-manifold Σ3 with the boundary ∂Σ3 = Σ2 and coordinates x
aˆ, aˆ = 0, 1, 2. On Σ3 one
introduces the 3-form [16]
Ω3 = i dx
aˆΠαaˆ ∧ (dˇθ¯
1γβ ∧ dˇθ1 − dˇθ¯2γβ ∧ dˇθ2) ηαβ = dˇΩ2 , (30)
where
Ω2 = −idˇX
α ∧ (θ¯1γβdˇθ1 − θ¯2γβdˇθ2) with dˇ = dxaˆ
∂
∂xaˆ
. (31)
Then the term
SWZ =
∫
Σ3
Ω3 =
∫
Σ2
Ω2 (32)
is added to the functional (27) and the Green-Schwarz action is
SGS = S0 + SWZ . (33)
To get the term (32) from the Yang-Mills theory let us consider the 5-manifold M5 = Σ3 ×H
2
with coordinates xaˆ on Σ3. Note that in addition to the components Fai in (26) of Yang-Mills fields
we now have the components
F0i = [(∂0X
α − i δpq θ¯
pγα∂0θ
q)ξα + (∂0θ
Ap)ξAp]ξi . (34)
Notice that
Faˆiξ
i = [(∂ aˆX
α − i δpq θ¯
pγα θq)ξα + (∂ aˆθ
Ap)ξAp] =: ωaˆ (35)
do not depend on ϕ since (ξi) = (sinϕ,− cosϕ) is the unit vector on H
2 running over the boundary
S1 = ∂H2 , ξiξ
i = 1. Let us introduce the one-forms ω = ωaˆdx
aˆ and the Wess-Zumino-type
functional
SWZ =
1
π
∫
Σ3×H2
fΓ∆Λ ω
Γ ∧ ω∆ ∧ ωΛ ∧ dx3 ∧ dx4 =
∫
Σ3
Ω3 =
∫
Σ2
Ω2 , (36)
where Ω3 and Ω2 are the forms given by (30),(31) and the structure constants fΓ∆Λ are written
down in [16]. Thus, adding the functional
1
π
∫
Σ3×H2
dxaˆ ∧ dxbˆ ∧ dxcˆ ∧ dx3 ∧ dx4 fΓ∆ΛF
Γ
aˆiξ
iF∆bˆj ξ
jFΛcˆkξ
k (37)
to the action (9), we will get the Green-Schwarz superstring action in the adiabatic limit ε→ 0.
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9. Concluding remarks. We have introduced the Yang-Mills model on Σ2 ×H
2 whose action
functional in the low-energy limit reduces to the Green-Schwarz superstring action. Combining
this result with the result for bosonic string [11], one can show that heterotic string theory can also
be embedded into Yang-Mills theory as a subsector of low-energy states. Thus, all five superstring
theories can be described in a unified manner via infrared limit of Yang-Mills theory on Σ2 ×H
2.
Such Yang-Mills models were not studied in the literature. But they may give a better base for
string unification than elusive M-theory and d=6 superconformal field theory of multiple M5-branes.
The fibres of Yang-Mills bundle over Σ2 ×H
2 are the supermanifolds G with Minkowski space
R
9,1 as the bosonic part. Considering quantum Yang-Mills theory for small perturbations of
Minkowski metric, one gets perturbative description of quantum gravity which in the adiabatic
limit will reduce to the stringy description. Put differently, embedding superstring theory on Σ2
into Yang-Mills theory on Σ2 × H
2 allows one to raise the description of quantum gravity from
stringy level to the Yang-Mills level. Then the gravitation will be described via Yang-Mills fields
for the diffeomorphism structure group at least perturbatively.
Last but not least, quantum Yang-Mills theory is developed incomparably better than quantum
string theory. Calculations in quantum Yang-Mills theory are much easier than in string theory. Of
course, to develop quantum Yang-Mills theory on Σ2×H
2 with gauge supergroup G is not a tech-
nically simple task. However, studying this Yang-Mills model can improve understanding of many
questions in string theories, e.g. those related with various dualities and AdS/CFT correspondence.
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